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Abstract
In this note, we calculate the Poincare´ series of elliptic Weyl groups
of type A
(1,1)
1 and A
(1,1)∗
1 and show that they have a simple expres-
sion.
0. Introduction
It is known (see e.g., [2], [3], [5]) that the Poincare´ series of the Weyl
group of a simple Lie algebra has a beautiful expession:∑
w∈W
qℓ(w) =
{∏r
i=1
1−qmi+1
1−q
, for g,
1
(1−q)r
∏r
i=1
1−qmi+1
1−qmi
, for ĝ,
where r is the rank and {mi; i = 1, · · · , r} is the set of the exponents,
and ĝ is the affinization of a finite-dimensional simple Lie algebra g.
It is also known that the notion of extended affine root system was
introduced by Saito more than a decade ago and that the theory has
been studied and developed by Saito and other people (e.g., [1], [7], [8],
[9], [10], [11], [12]). The Weyl group associated to an extended affine
root system, although it may be viewed as an extension of the affine
Weyl group, has a great advantage where a Coxeter element comes
back alive and plays an important role. A Coxeter element is of course
an element of finite order (up to a certain subgroup in this case), and
is closely related to the center Z of the Weyl group W .
So the interest will naturally arise as to the Poincare´ series of the
elliptic Weyl groupWF := W/Z. This note is a report of an experimen-
tal analysis of the Poincare´ series of the simplest elliptic Weyl groups
of type A
(1,1)
1 and A
(1,1)∗
1 . Our results may suggest the existence of
some kind of beautiful formula also in the case of elliptic Weyl groups,
although they are not Coxeter groups.
The author would thank Dr. K. Iohara for pointing out an interesting
coincidence, shown in Theorem 3 of [6], that the Weyl group of A
(1,1)∗
1
1
is isomorphic with the Weyl group of SL(2, K), where K is a two-
dimensional local field.
1. The Weyl group of the elliptic Lie algebra A
(1,1)∗
1 .
The Cartan matrix of A
(1,1)∗
1 is〈α∨0 , α0〉 〈α∨0 , α1〉 〈α∨0 , α1′〉〈α∨1 , α0〉 〈α∨1 , α1〉 〈α∨1 , α1′〉
〈α∨1′ , α0〉 〈α
∨
1′, α1〉 〈α
∨
1′ , α1′〉
 :=
 2 −1 −1−4 2 2
−4 2 2
 ,
and the Cartan subalgebra h is 5-dimensional with a basis {ds, dt, α
∨
i , (i =
0, 1, 1′)}, where ds and dt are elements such that 〈ds, αj〉 = 1 if j = 1
′,
and = 0 otherwise, and 〈dt, αj〉 = 1 if j = 1, and = 0 otherwise.
Define elements Λj in the dual space h
∗ (j = 0, 1, 1′) by 〈α∨i , Λj〉 = δi,j
and 〈ds, Λj〉 = 〈dt, Λj〉 = 0, and put δ := α0 + 2α1 and ǫ := α1 −α1′ .
Then {Λ0,Λ1, α1, δ, ǫ} is a basis of h
∗.
Now we consider the Weyl group W which is, by definition, the
subgroup of Aut(h∗) generated by reflections ri, for i = 0, 1, 1
′, where
ri(h) := h− 〈h, α
∨
i 〉αi, for all h ∈ h
∗. (1.1)
The center Z of W is an infinite cyclic group: Z = 〈σ2〉, where
σ := r0r1r1′ is a Coxeter element. Actually the action of this element
σ2 is
σ2(Λ0) = Λ0 + 4ǫ, σ
2(Λ1) = Λ1 − δ
′, σ2(αi) = αi for all i,
(1.2)
where δ′ := δ − 2ǫ = α0 + 2α1′ . Since δ, δ
′ and ǫ are fixed by all ri,
(1.2) implies that the action of σ2 on h∗ commutes with that of all ri,
and so σ2 ∈ Z. One sees also the following:
(r0r1r1′)
2 = (r1r1′r0)
2 = (r1′r0r1)
2 = (r0r1′r1)
−2 = (r1r0r1′)
−2 = (r1′r1r0)
−2.
(1.3)
We put WF := W/Z. By (1.3), one can view WF as the group on
generators ri , i = 0, 1, 1
′, with fundamental relations
r2i = 1, (1.4a)
(rirjrk)
2 = 1, for all permutations (i, j, k) of (0, 1, 1′).
(1.4b)
Note that the condition (1.4b) may be replaced by
rirjrk = rkrjri for all (i, j, k). (1.4b’)
From (1.4b’), one easily sees that
(r0r1)(r0r1′) = (r0r1′)(r0r1), (1.5)
2
and that, in view of the exposition of the Weyl group of the affine Lie
algebra A
(2)
2 (e.g., given in Chapter 6 of [4]), all elements in WF are
written uniquely in the form ri0(r0r1)
m(r0r1′)
n, where i = 0, 1, and
m,n ∈ Z.
It is also easy to see the following formulas from (1.4) and (1.5):
(r1r1′)
n = (r0r1)
−n(r0r1′)
n, (1.6)
or equivalently
(r1′r1)
n = (r0r1)
n(r0r1′)
−n. (1.6’)
for all n ∈ Z.
We now consider the length ℓ(w) of a minimal expression of an ele-
ment w ∈ WF :
Lemma 1.1.
1) For w = (r0r1)
m(r0r1′)
n ( m,n ∈ Z),
ℓ(w) =
{
2(|m|+ |n|), if m,n ≥ 0 or m,n ≤ 0,
2max{|m|, |n|}, if mn < 0.
2) For w = r0(r0r1)
m(r0r1′)
n ( m,n ∈ Z),
ℓ(w) =

2(m+ n)− 1, if m,n ≥ 0 and (m,n) 6= (0, 0),
2(|m|+ |n|) + 1, if m,n ≤ 0,
2max{|m|, |n|} − 1, if mn < 0 and m+ n > 0,
2max{|m|, |n|}+ 1, if mn < 0 and m+ n ≤ 0.
Proof. 1) The cases m,n ≥ 0 and m,n ≤ 0 are clear. So we consider
the case when mn < 0. If m > 0, n < 0 and |m| ≥ |n|, then
w = (r0r1)
m(r0r1′)
n = (r0r1)
m(r0r1′)
−|n| = (r0r1)
m−|n| · (r0r1)
|n|(r0r1′)
−|n|
= (r0r1)
m−|n|(r1′r1)
|n| by (1.6’),
so ℓ(w) = 2(m− |n|) + 2|n| = 2m.
If m > 0, n < 0 and |m| ≤ |n|, then
w = (r0r1)
m(r0r1′)
n = (r0r1)
m(r0r1′)
−|n| = (r0r1)
m(r0r1′)
−m · (r0r1′)
m−|n|
= (r1′r1)
m · (r1′r1)
|n|−m by (1.6’),
so ℓ(w) = 2m+ 2(|n| −m) = 2|n|.
Thus we have proved ℓ(w) = max{|m|, |n|} when m > 0 and n < 0.
The case when m < 0 and n > 0 is similar, so 1) is proved.
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2) When m ≥ 0 and n ≥ 0 and (m,n) 6= (0, 0), then
w = r0(r0r1)
m(r0r1′)
n =
{
r1(r0r1)
m−1(r0r1′)
n, if m > 0,
r0(r0r1′)
n(r0r1)
m = r1′(r0r1′)
n−1(r0r1)
m, if n > 0,
so ℓ(w) = 2(m+ n)− 1.
The case when m ≤ 0 and n ≤ 0 is similar.
Next we consider the case when m > 0 and n < 0. If m > |n|, then
w == r0(r0r1)
m(r0r1′)
−|n| = r0(r0r1)
m−|n| · (r0r1)
|n|(r0r1′)
−|n|
= r0(r0r1)
m−|n|(r1′r1)
|n| by (1.6’)
= r1(r0r1)
m−|n|−1(r1′r1)
|n|,
so ℓ(w) = 2(m− |n|)− 1 + 2|n| = 2m− 1.
If m ≤ |n|, then
w = r0(r0r1)
m(r0r1′)
−|n| = r0 · (r0r1)
m(r0r1′)
−m · (r0r1′)
m−|n|
= r0(r1′r1)
m · (r1′r0)
|n|−m by (1.6’),
so ℓ(w) = 2m+ 1 + 2(|n| −m) = 2|n|+ 1.
The case when m < 0 and n > 0 is similar. Thus the Lemma is
proved.
Theorem 1. For A
(1,1)∗
1 ,∑
w∈WF
qℓ(w) =
1− q3
(1− q)3
, (1)
♯{w ∈ WF ; ℓ(w) = n} = 3n if n is a positive integer. (2)
Proof. By Lemma 1.1,
∑
w∈WF
qℓ(w) is the sum of the following six
terms:
A1 :=
∑
m,n≥0 or m,n≤0
q2(|m|+|n|), A2 :=
∑
mn<0
q2max{|m|,|n|},
B1 :=
∑
m,n≥0 such that m+n>0
q2(m+n)−1, B2 :=
∑
m,n≤0
q2(|m|+|n|)+1,
B3 :=
∑
mn<0 such that m+n>0
q2max{|m|,|n|}−1,
B4 :=
∑
mn<0 such that m+n≤0
q2max{|m|,|n|}+1,
4
and each one of them is calculated as follows:
A1 = 2
∑
m,n≥0
q2(m+n) − 1 =
2
(1− q2)2
− 1 =
1 + 2q2 − q4
(1− q2)2
,
A2 = 2
∑
m>0>n
q2max{m,|n|} = 2
∑
m,n>0
q2max{m,n}
= 2
{∑
m>0
q2m + 2
∑
m>n>0
q2m
}
= 2
{
q2
1− q2
+
2q4
(1− q2)2
}
,
B1 =
∑
m,n≥0
q2(m+n)−1 − q−1 =
1
q
{
1
(1− q2)2
− 1
}
=
2q − q3
(1− q2)2
,
B2 =
∑
m,n≥0
q2(m+n)+1 =
q
(1− q2)2
,
B3 = 2
∑
m>0>n such that m+n>0
q2max{m,|n|}−1 = 2
∑
m>0>n such that m+n>0
q2m−1
= 2
∑
m>k>0
q2m−1 by putting n = −k
= 2
∑
m≥2
(m− 1)q2m−1 = 2 ·
q3
(1− q2)2
,
B4 = 2
∑
m>0>n such that m+n≤0
q2max{m,|n|}+1 = 2
∑
m>0>n such that m+n≤0
q−2n+1
= 2
∑
k≥m>0
q2k+1 by putting n = −k
= 2
∑
k≥1
kq2k+1 = 2 ·
q3
(1− q2)2
.
Then, summing up these six terms, one obtains the formula as desired.
2. The Weyl group of the elliptic Lie algebra A
(1,1)
1 .
The Cartan matrix of A
(1,1)
1 is
〈α∨0 , α0〉 〈α
∨
0 , α1〉 〈α
∨
0 , α0′〉 〈α
∨
0 , α1′〉
〈α∨1 , α0〉 〈α
∨
0 , α1〉 〈α
∨
1 , α0′〉 〈α
∨
0 , α1′〉
〈α∨0′ , α0〉 〈α
∨
0′ , α1〉 〈α
∨
0′, α0′〉 〈α
∨
0′, α1′〉
〈α∨1′ , α0〉 〈α
∨
1′ , α1〉 〈α
∨
1′, α0′〉 〈α
∨
1′, α1′〉
 :=

2 −2 2 −2
−2 2 −2 2
2 −2 2 −2
−2 2 −2 2
 .
The dual space h∗ of the Cartan subalgebra h is the quotient space of
the linear span of {Λ♯, Λ0, Λ1, αi; i = 0, 0
′, 1, 1′} factored by the
5
equivalence relation
α0 − α0′ = α1 − α1′ , (2.1)
where Λi (i = ♯, 0, 1) are defined, so as to be in consistency with the
equivalence relation (2.1), as follows:
〈Λ♯, α
∨
j 〉 = 1, for all j, (2.2a)
〈Λi, α
∨
j 〉 = δi,j , for i, j = 0, 1, (2.2b)
〈Λi, α
∨
j′〉 = −δi,1−j , for i, j = 0, 1. (2.2c)
We put ǫ := α0−α0′ = α1−α1′ , δ := α0+α1 and δ
′ := α0′+α1′ = δ−2ǫ.
For each i, the simple reflection ri ∈ Aut(h
∗) is defined by the formula
(1.1). Then the action of the element σ := r0r0′r1r1′ is
σ(Λ♯) = Λ♯ + 2ǫ, (2.3a)
σ(Λi) = Λi − δ + ǫ, for i = 0, 1, (2.3b)
σ(α1) = α1. (2.3c)
So the action of σ on h∗ commutes with that of all ri, since δ and ǫ
are fixed by ri. From this, one sees that the Coxeter number of A
(1,1)
1
is 1, and the center Z of the Weyl group W := 〈ri; i = 0, 0
′, 1, 1′〉 is
an infinite cyclic group generated by a Coxeter element σ. The factor
group WF := W/Z is the group on generators {ri; i = 0, 0
′, 1, 1′} with
the fundamental relations
r2i = 1, (2.4a)
r0r0′r1r1′ = 1. (2.4b)
Note that, from (2.4a) and (2.4b), one easily has the following:
r0r0′ = r1′r1, (2.5a)
r0r1′ = r0′r1. (2.5b)
Lemma 2.1.
1) (r0r0′)(r0r1′) = (r0r1′)(r0r0′),
2) WF = {(r0)
i(r0r0′)
m(r0r1′)
n; i = 0, 1 and m,n ∈ Z}.
Proof. 1) is clear, since
(r0r0′)(r0r1′) = (r0r0′)(r0′r1) = r0r1
and
(r0r1′)(r0r0′) = (r0r1′)(r1′r1) = r0r1.
6
To prove 2), it suffices to show that r0, r1, r0′ , and r1′ can be written
in the form (r0)
i(r0r0′)
m(r0r1′)
n. And it is enough to show it only for
r1, since this is clear for r0, r0′ , and r1′ . But this is also easy since
r1 = r0′(r0′r1) = r0′(r0r1′) = r0(r0r0′)(r0r1′). (2.6a)
The following formula, which is an easy consequence from (2.6a), is
also useful in our further calculation:
r0r1 = (r0r0′)(r0r1′). (2.6b)
Lemma 2.2.
1) For w = (r0r0′)
m(r0r1′)
n ( m,n ∈ Z),
ℓ(w) = 2max{|m|, |n|},
2) For w = r0(r0r1)
m(r0r1′)
n ( m,n ∈ Z),
ℓ(w) =
{
2max{|m|, |n|} − 1, if m+ n > 0,
2max{|m|, |n|}+ 1, if m+ n ≤ 0.
Proof. To prove this Lemma, we make use of the following formulas:
r0′r1′ = (r0r0′)
−1(r0r1′). (2.7a)
r1′r0′ = (r0r0′)(r0r1′)
−1. (2.7b)
In particular from (2.6b), (2.7b) and Lemma 2.1.1), one has
(r0r1)
n = (r0r0′)
n(r0r1′)
n, (2.6b’)
(r1′r0′)
n = (r0r0′)
n(r0r1′)
−n, (2.7b’)
for all n ∈ Z.
1) First consider the case m,n ≥ 0. If m ≥ n, then
w = (r0r0′)
m(r0r1′)
n = (r0r0′)
m−n · (r0r0′)
n(r0r1′)
n
= (r0r0′)
m−n · (r0r1)
n by (2.6b’),
so ℓ(w) = 2m.
If m ≤ n, then
w = (r0r0′)
m(r0r1′)
n = (r0r0′)
m(r0r1′)
m · (r0r1′)
n−m
= (r0r1)
m · (r0r1′)
n−m by (2.6b’),
so ℓ(w) = 2n.
The case m,n ≤ 0 is similar.
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Next we consider the case when m > 0 and n < 0. For simplicity we
put n = −k. If m ≥ k, then
w = (r0r0′)
m(r0r1′)
−k = (r0r0′)
m−k · (r0r0′)
k(r0r1′)
−k
= (r0r0′)
m−k · (r1′r0′)
k by (2.7b’),
so ℓ(w) = 2m.
If m < k, then
w = (r0r0′)
m(r0r1′)
−k = (r0r0′)
m(r0r1′)
−m · (r0r1′)
m−k
= (r1′r0′)
m · (r1′r0)
k−m by (2.7b’),
so ℓ(w) = 2k.
The case when m < 0 and n > 0 is similar. Thus 1) is proved.
2) First consider the case m,n ≥ 0 and m + n > 0. Then, by (2.6b’),
one has
w = r0(r0r0′)
m(r0r1′)
n =

r0(r0r0′)
m−n(r0r1)
n = r0′(r0r0′)
m−n−1(r0r1)
n, if m > n,
r0(r0r1)
n = r1(r0r1)
n−1, if m = n,
r0(r0r1′)
n−m(r0r1)
m = r1′(r0r1′)
n−m−1(r0r1)
m, if m < n,
so ℓ(w) = 2max{m,n} − 1.
And similarly, if m,n ≤ 0, one has ℓ(w) = 2max{|m|, |n|}+ 1.
Next we consider the case when m > 0 and n < 0. For simplicity we
put n = −k. If m ≥ k, then
w = r0(r0r0′)
m(r0r1′)
−k = r0(r0r0′)
m−k · (r0r0′)
k(r0r1′)
−k
= r0(r0r0′)
m−k · (r1′r0′)
k by (2.7b’),
so ℓ(w) = 2m− 1 if m > k, and = 2m+ 1 if m = k.
If m < k, then
w = r0(r0r0′)
m(r0r1′)
−k = r0(r0r0′)
m(r0r1′)
−m · (r0r1′)
m−k
= r0(r1′r0′)
m · (r1′r0)
k−m by (2.7b’),
so ℓ(w) = 2k + 1.
The case when m < 0 and n > 0 is similar. Thus the Lemma is
proved.
Now a similar calculation as in the proof of Theorem 1 leads us to
the following:
Theorem 2. For A
(1,1)
1 ,
∑
w∈WF
qℓ(w) =
(1 + q)2
(1− q)2
, (1)
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♯{w ∈ WF ; ℓ(w) = n} = 4n if n is a positive integer. (2)
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